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MCMC Theory 2/49

» So far, we have introduced many MCMC algorithms.

» Although these algorithms have been empirically shown to
converge to the target distribution with good speed, in
practice, we may want to know more precisely about the
convergence behavior and assess the approximation error
for a given computation budget.

» In this lecture, we discuss some theoretical results on the
convergence of MCMC methods, with an emphasis on
Langevin diffusion.
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Ergodicity Recap 3/49

» Total Variation Distance: the total variation distance
between two probability measures p and v on X is

drv(p,v) = sup [u(A) —v(A)].

» Ergodicity: if a Markov chain on a state space X is both
¢-irreducible and aperiodic, and has a stationary
distribution 7, then for m-a.e. x € X,

lim dTv((SJ;Pn, 7T) = 0.
n—00

In particular,
lim P"(x,A) =m(A)

n—oo
for all measurable A C X.
Je g X ¥
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Uniform Ergodicity 4/49

» For Markov chains that are irreducible and aperiodic, we
have stronger convergence properties given certain
conditions.

» Uniform Ergodicity: a Markov chain with invariant
probability measure m and Markov transition kernel P is
uniformly ergodic if

dpy (6, P",m) < Mp", VrelX

for some constant M and p < 1.

» This means the total variation distance decreases
geometrically fast, with p governing the rate, and the
bound is independent of x.
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Minorization Condition 5/49

» Minorization Condition:
P"(x,A) > ev(A), Vee X, ACAX,

for some m € N, e > 0 and probability measure v.

» Loosely speaking, minorimzation condition guarantees that
0, P™ and ¢, P™ have some degree of overlap, Vz,y € X.

Theorem
Suppose the above minorization condition holds, then

dry (6, P, ) < (1 —e)lml, vz e x.
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The Coupling Inequality 6/49

» Coupling: we say ( is a coupling of two probability

measure u, v if it is a probability measure on

(R? x R, B(RY x RY)) such that

C(A,RY) = p(A), ((RY, A) = v(A), VA € B(RY).
» The coupling inequality:
dry(p,v) <p(X #Y),
for any coupling (X,Y") of u and v.
Proof. drv(u,v) = sg}p |u(A) —v(A)|
=suplp(X €AY ¢ A)—p(X ¢ AY € 4)

<p(X #Y).

ANEIE T

=/ PEKING UNIVERSITY




A Coupling Proof 7/49

» For simplicity, we consider the case when m = 1. That is
P(z,A) > ev(A).

» We define a residual Markov kernel

P(z,A) —ev(A)
1—e ’

R(z, A) = reEX,ACAX,

and observe that 6,P = ev + (1 — €), R.
» We will show an explicit coupling (Doeblin 1938) such that

p(Xn #Yy) < (1—¢)"
where X,, ~ 0, P" and Y,, ~ 7.

ez x Y
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A Coupling Proof 8/49

» Let Xg =z and Yy ~ 7.
» Now follow the procedure for each time n > 1:
1. f X,, 1 =Y,_1, sample Z, ~ P(X,,_1,-), set
X, =Y, =2,
2. Otherwise, with probability €, sample Z,, ~ v and set
X, =Y, =2,
3. Otherwise, sample X,, ~ R(X,,_1,-) and Y,, ~ R(Y,,—-1,")
independently.

» Note that we have not changed the marginal distributions
of X, orY,, so X,, ~0,P" and Y,, ~ .

» We also observe that

p(Xn # Vo) < (1—€)"

ez x Y
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Geometric Ergodicity 9/49

» The minorization condition allows us to successfully couple
Markov chains with probability € at each time, which is too
strong in practice.

> A weaker condition is geometric ergodicity.

» Geometric Ergodicity: a Markov chain with stationary
distribution 7 is geometrically ergodic if

drv (6, P", ) < M(x)p", z€X,

for some p < 1, where M (z) < oo for m-a.e. z € X.

» Instead of a constant, the bound M now depends on x.

ez x Y
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Small Sets and Drift Condition 10/49

» Small sets: a set C C X is small if
P™(x,A) >ev(A), xze€C, ACX,

for some m € N, e > 0 and probability measure v.

» Drift condition: there is a function V : X +— [1, oo] with
V(z) < oo for at least one x € X, such that

/V (z,dy) < AV (z) + ble(x),

where C is a small set, A € (0,1) and b < co.
» The drift condition guarantees that

sup,ec Bk < oo,  for some k> 1,

where 74 = inf{n > 1: X,, € A}.
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Geometric Ergodicity 11/49

Theorem (Meyn and Tweedie, 1993)

A Markov chain is geometrically ergodic if and only if it admits
a small set and satisfies the drift condition.

Geometric ergodicity for various sampling algorithms.

Generalized Gaussian distribution, m(z) oc exp(—||z[|?)

Sampling Be(0,1) Bs=1 Be(1,2) p=2 8>2
methods Thick tails  Exponential Gaussian Light Tails
MALA (1D) No Yes Yes Yes No
RWM No Yes Yes
HMC No Yes Yes Yes No

ez x Y
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Non-asymptotic Analysis: Problem Setup 12/49

» Denote by 7 a target density w.r.t the Lebesgue measure
on R?, known up to a normalizing constant

__exp(=U(x))
Jraexp(=U(y))dy

m(x

Here, d > 1.

> Assumption 1: U is L-smooth: twice continously
differentiable, Vz,y € RY,

IVU(z) = VU(y)|l < Lllz = y]|.
» Assumption 2: U is m-strongly convex, Vz,y € R?,
m
Uly) = Uw) + VU ()" (y = 2) + 5 lly — ]

ez x Y
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Overdamped Langevin Diffusion 13/49

» Langevin SDE:
dX, = —VU(X,)dt + V2dB,

where (B¢)¢>0 is a d-dimensional Brownian Motion.

» Notation: (P;)¢>0 is the Markov semigroup associated to
the Langevin diffusion:

Pi(z,A) =P(X; € A|Xg=z), ze€R? AcB(RY).
» 7m(z) x exp(—U(z)) is the unique invariant probability

measure,
Tm=7nF, Vt>O0.

ez x Y
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Discretized Langevin Diffusion 14/49

» Idea: Sample the diffusion path, using the Euler-Maruyama
(EM) scheme:

Xir1 = X — et VU(Xg) + /29110011

where

> (nk)k21 is i.id N(O, Id)
» (vx)rk>1 is a sequence of stepsizes, which can either be held
constant or be chosen to decrease to 0 at a certain rate.

» Closely related to the (stochastic) gradient descent
algorithm.

» Note that this is just MALA without MH correction.
Hence, this is referred to as unadjusted Langevin algorithm.
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Constant Stepsize 15/49

» When the stepsize is held constant, i.e. 7, =, then
(X%)k>1 is an homogeneous Markov chain with Markov
kernel R, .

» Under some appropriate conditions, this Markov chain is
irreducible, positive recurrent. Hence, it has an unique
invariant distribution 7, which does not coincide with the
target distribution .

» Questions:

» For a given precision € > 0, how could we choose the
stepsize v > 0 and the number of iterations n so that

D0, Ry, m) <€

where D is some distance measure between distributions.
» Is there a way to choose the starting point = cleverly?
» How to quantify the distance between 7., and 7?

ez x Y

&

PEKING UNIVERSITY




Decreasing Stepsize 16/49

» When (y%)r>1 is nonincreasing and non constant, (Xj)r>1
is an inhomogeneous Markov chain associated with the
kernels (R, )k>1-

» Notation: Q5" n < p is the composition of Markov kernels

2. — — 17
Q:p_R’YnR’YnH "'R’Yp’ Qg—pr

with this notation, E,[f(X,)] = 6,Q% f.
> Questions:

» Convergence: is there a way to choose the step sizes so that
D(5,Q%, m) — 0 and if yes, what is the optimal way of
choosing the stepsizes?

» Optimal choice of simulation parameters: what is the
number of iterations required to reach a neighborhood of
the target: D(3,QF, ) < € starting form a given point z?

ez x Y

» Should we use fixed or decreasing step sizes?
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Wasserstein Distance 17/49

» Coupling: we say ( is a coupling of two probability
measure p, v if it is a probability measure on
(R4 x R, B(RY x RY) such that

C(A7Rd) = p(A), C(Rdv A) =v(A), VA€ B(Rd)'

» Wasserstein Distance: for two probability measure u, v on
R?, define Wasserstein distance of order p > 1 as

1
Wy (u,v) = inf E» [|| X — Y],
W) = L infEF|X - Y]

where [[(u,v) is the set of couplings of p, v.

> Let Py(RY) = {u: o [olPduz) < o). Py(RY) equipped
with W), is a complete separable metric space. In what

ez x Y

follows, we use the case p = 2.
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Wasserstein Distance Convergence 18/49

Theorem (Durums and Moulines, 2016)

Assume that U is L-smooth and m-strongly convex. Then
Vz,y € R* and ¢t > 0,

W2(8, Py, 0y Pt) < exp(—mt)|lx — y||

» The contraction depends only on the strong convexity
constant.

» Key idea: synchronous coupling!

ez x Y
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Synchronous Coupling 19/49

{ dX; =-VU(X;)dt + v2dB; where (Xo, Yp) = (z,y).

dY; =-VU(Y,)dt+ 2dB; ~’
» This SDE has a unique strong solution (X, Y;)i>0. As
(Bt)t>0 is shared, we have
dX; — dY; = — (VU(X,) - VU (Y))) dt
» The product rule for semimartingales imply

d|| Xy — Y| = 2(dX; — dYy, X; — V)
= —2(VU(X;) — VU(V;), X; — Y;)dt

ANEIE T
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Synchronous Coupling 20/49

» Since U is m-strongly convex, Vz,y € R?
(VU(z) = VU(y),z —y) = m|z —y|*
» This implies
d|| Xy — Yi||* < —2ml| X, — Yi|*dt.
» By Gronwall inequality:
12X, — Y2 < exp(=2mi)]|Xo — Yo||? = exp(—2mt) |z — y]
» Therefore,
Wa(0:Pr,8,Pr) < B2 X, = Vi[> < exp(—mt) 2~ y].

ez x Y
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Wasserstein Distance Convergence 21/49

» Assume that U is L-smooth and m-strongly convex. Then,
Yz e R and ¢t > 0

L (1~ exp(—2mt)),

E. || X: — .9:*H2 < ||z — .9:*H2 exp(—2mt) + -

where

¥ = argmin U(z).
zeR?

» The stationary distribution 7 satisfies

[ o= o) < £
Rd m

» Yz eRYand t >0,

Wa (6, Py, ) < exp(—m) <|x —a| 4 \/z>

ANEIE T
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Elements of Proof 22/49

» The generator A associated (P;)¢>o is defined as

Af(z) = lgfgl "

= —(VU(x),Vf(2)) + Af(x),

Vf € C?(RY) and z € RY.
» Set V(z) = ||x — 2*||?. Since VU (z*) = 0 and using the
strong convexity,
AV (z) =2(—(VU(z) — VU (z¥),z — x¥) + d)
< 2(—mV(x) +d).

ez x Y

@

PEKING UNIVERSITY




Elements of Proof 23/49

» Denote for all t > 0 and x € R? by

v(t,x) = PV (x) = B || Xy — ¥

» We have

Ju(t, x)
ot

= P AV (z) < —2mP,V(x)+2d = —2mu(t, x) + 2d.

» Gronwall inequality
E. || X; — z¥||? = v(t, z)

d (1 — exp(—2mt)).

< ||z — z¥||? exp(—2mt) + —
m
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Elements of Proof 24/49

» Using triangle inequality

W0z Py, ) < Wo(62 Py, 02+ Pr) + Wo(Op+ Py, m)
< Wo (04 Py, 60 Py) + Wo (g Py, mP;)
< exp(—mt)|z — z*| + Wa(dz+ Pr, mF).

» Using a similar synchronous coupling strategy as before,
with Xg = x*, Yy ~ m,

Wa(bse Pr mPy) < exp(—mt)E3 | Xo—Yol|? < exp(—mt)y/ .
m

» This concludes the proof

W (6, P, m) < exp(—mit) <|aj — || + \/z) .

ANEIE T
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Contraction Property of The Discretization 25/49

> Assume that U is L-smooth and m-strongly convex Let
(7%)k>1 be a nonincreasing sequence with 1 < —=-. Then,

Vr,y e R*and £ >n > 1,

14

Wa(0,Q0",6,Q21) < | [T (1 = sy)llz — y]?

k=n

where
2mL

m+ L’
), ¥z € R and n > 1,

» For any v € (0, m+L

Wa(0, Ry, ) < (1= s)™? (Jla = 2| + wdml) .
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Elements of Proof 26/49

» Synchronous Coupling:

X1 = X = 1 VU (Xk) + v/ 2Vk1k11
Yit1 = Y = a1 VU (Yi) + /2941041

where (ng)k>y is 1.i.d N(0,14) and X,,—1 =2, Y1 = y.
» Cancel out 7.1 gives

Xpp1 = Yip1 = Xp = Y — Yot (VU(Xy) — VU(Yr))
which implies

1 Xk41 = Y [I? = 11Xk = Yall* + 121 IVU(Xi) = VU (Y3)|?
= 2%k (VU (Xk) = VU (Yk), Xk, — Yi)

ez x Y
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Elements of Proof 27/49

» A stronger inequality for U (Nesterov 2004)

VU () -VU()]*

K 2
_ —a) > Zlp—
(VU(2)-VU(y),z—y) > 2H:r yl| o

» Using this inequality, we have
1 Xkr1 = Yiral? < (1= mypsa) | Xy — Vil

» By induction
)4 )4
1Xe=Yel? < TTO=my) | X1 =Yoo |? = [T Q=my) la—y]*.

k=n k=n

» Therefore,

y4
1
Wa(6.Q2", 6,Q") <E2 | X,=Yo|* < | [T (1 = sv)llz =yl

- AT
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Wasserstein Distance Convergence: Discrete Case 28/49

» Let 2* be the unique minimize of U. Then Yz € R? and
£>n>1,given X,,_1 =z,

E. || Xe — 2*||> < pre()

where

V4 Y4
pusla) = T] (1= ro)lle—a* |2 +2dx" (1 ~Tla- mw)

k=n k=n

» For any v € (0, miw), R, has a unique stationary
distribution 7., and

/ e — o |2 (d) < 2dr~".
]Rd

ez x Y
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Elements of Proof 29/49

» For any v € (0 ), we have Yz € R?

2
' m+L
=" PR = e =29V (@) = o7+ 244
= |l = 2" = (VU (@) = VU(") |2 +2vd
< (=)o - 2| + 2vd
» By induction
EollXe = 2| < (1= 690 Bz | Xemr — 2| + 27ed
< pn,ﬁ( )
» Similarly
Wa(0,R2, 1)) < Wa(8, R, 6+ RY) + Wa(0,« R, 7w RY)
< (@= )" (le =" + mdm—l)
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Convergence to The Target Distribution 30/49

» Objective: compute bound for Wa(6.Q%, ).

» Since 7P, = w,Vt > 0, it suffices to get bounds of the
Wasserstein distance

W2 (0.Q5, Fr,,)

where

Fn = Z’Yk-

k=1

> 6,Q7: law of the discretized diffusion
» 1P, =m, where (P;);>¢ is the semigroup of the diffusion.

ez x Y
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Explicit Bound for The Euler Discretization 31/49

Theorem (Durums and Moulines, 2016)
Let (vx)k>1 be a non-increasing sequence with v < #ﬂ Then
Vz e R and n > 1,

N d
W30.03.m) < ) (Jle =P+ 5 )+ l2)

where

=

u(y) =211 = w/2)

k

Ly L*2\
L2dz [’yz L) <2—|— 2L 6%> H (1 — ky,/2)

k=i+1

I
—

Idea: synchronous coupling between the diffusion and the

interpolation of the Euler discretization! @ e ¥
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A Coupling Proof 32/49
» Yn>0andt e [['),,I,411), define
X = Xr, — [¢. VU(X,)ds + v2(B; — Br,)
X, = Xr, — J¢. VU(Xr,)ds + v2(B; — Br,)

with Xy ~ 7 and X, = z.

> Yn >0, B
W3 (6.Q%, wPp,) < E|| X, — Xr, ||*.

» Cancel out noise terms

— _ 1—‘n-q—l _
1Xr, 00— X2 = 1 Xr, — Xr, — /F VU(X,) - VU (Xr, )ds|?

_ Fnp _
| Xr, X P+ | / VU(X,) — VU (X, )ds|?
I'n

Tht1 B B
9 / (Xr. — Xp., VU(X,) — VU(Xr,))ds

ez x Y
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A Coupling Proof 33/49

> Young’s inequality and Jensen’s inequality

Tyy1

| g VU(X,) = VU(Xr,)ds|* < 2774 |VU(Xr,) - VU(Xp,)|1?

1—‘n+1
2t / IVU(X.) — VU (Xr,)|2ds
T

» Since y; < 1/(m+ L) and (vx)x>1 is non-increasing

1 X1 — X I <1 = £v011) | X, — X, |1

n+1

| NS
2 / IVU(X,) - VU (Xr,)|%ds
I'n

Fn«l»l _
— 2/ (X, — Xr,,VU(Xs) — VU(Xr, ))ds

ANEIE T
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A Coupling Proof 34/49

» Using the Cauchy-Schwartz inequality, Ve > 0

X0 — X I < (1= (5 — 20301 Xr, — X |12
| ]
e + 207 [T IVUC) - VUK,
F’VL
Lemma

Let (Xt)t>0 be the solution of Langevin SDE with X = x.
Then V¢t > 0 and z € R?,

Lt? 3
E. || X: —z||® < dt (2 + 3> + 5752L2|\gc — 2|2

ez x Y
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A Coupling Proof 35,49

» Using the Lemma and L-smoothness
B0 | X, 0~ Xr, ol < (1 (6 = 207m)lIXr, — Xr, |
+L2 1 (Ynr + (4€)7Y) (2d + Ly | Xp, — 2| + dL?A7 11 /6)

» Note that Xt, ~

. d
E|Xr, — 2" < =
m

» Let € = k/4. By induction

E[Xr, — Xr, | < [T = sm/2)E) X0 — 2]* + u ()
k=1
< uM(ME(|z — 27| + | Xo — 27[*) + ul (7)

. d
<uf0) (Jlo -l + m) +u2).
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Results 36/49

> Fixed step size: Ve > 0, one may choose v so that
Wa(6+RY,m) <€ inn= O(de™?) iterations

where z* is the unique maximum of .

» Decreasing step size: with 7, = yk~%, a € (0,1)

Wa(0+Q, m) = VdO(n™*).

> These results are tight (check with U(z) = §||z?).

» Similar results hold for total variation distance, see
Durums and Moulines, 2016 for more details.

ez x Y
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Underdamped Langevin Diffusion 37/49

» Underdamped Langevin SDE

dvy = —yvedt — uNVU (x4)dt + /2yud By
d!L‘t = Utdt

» Notation: (xg,vg) ~ po for some distribution pg on R4,
Then (z¢,v) ~ pi. Let ®; denote the operator that maps
from pg to py:

Qipo = pr.

> p*(z,v) o exp(—U(z) + 5=||v[|?) is the unique invariant

probability measure.

ez x Y
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Discretized Underdamped Langevin Diffusion 38/49

» One step of the discrete underdamped Langevin diffusion is
defined by the SDE

dvy = —yvedt — uNVU (Zo)dt + \/2yud By
dT; = vdt

(1)

with an initial condition (Zg, o) ~ po. Similarly,
(%, 0) ~ pr and Pypo = Py
» The above update has an analytical solution.

(Zt, 0¢) ~ N (1t (Zo, Vo), L¢)

» With a small £ = §, this can be used as a single step of
discrete underdamped Langevin MCMC

(i‘k+1, 5k+1) ~ N(Mé(jka 'l_)k)a Eé) (2)

ANEIE T
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Main Result 39/49

Theorem (Cheng et al., 2018)

Let p(™ be the distribution of (Z,, 7,) after n iterations starting
with p© (Z,0) = ly=g, - ly=0. Let the initial distance to
optimum satisfy ||zg — 2*||? < D?. If we set the step size to be

5= € 1
104k \/ d/m + D?’

and run update (2) for n iterations with

2K2 d 24( 4 4 P2
n25"€ ( —i—’D2>~log<(m+)>,
€

€ m

where K = L/m, then we have the guarantee that

WQ(p(n)vp*) S €. at ;J’ 4
fh =
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Remarks 40/49

» To converge to within € of the target measure p* in Wy

S

distance, underdamped Langevin diffusion requires O(*

1)
)of

zo‘&-

iterations, which is a significant improvement over O(
overdamped Langevin diffusion.

» The lo g(M) factor can be removed by using a
time-varying step size (Chen et al., 2018).
» Similar result holds for stochastic gradient underdamped

Langevin diffusion, if the variance is made small enough
(Chen et al., 2018).
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Elements of Proof 41/49

Theorem (Cheng et al., 2018)

Let u= % and v = 2. Vt > 0, there exists a coupling
Ce(x0,v0, Yo, wo) € [[(Prdag,v0, Pedyo,we) such that

E(Itmt7yt7wt)NCt(Io,vo7y0,wo) (”"Et - ytHQ + [[(zt +vt) = (g + wt)HQ)
_t
< e x (llzo — ol + l(zo + vo) — (yo + wo)|?)

Corollary (Cheng et al., 2018)

Let py be arbitrary distribution with (zg,v9) ~ po. Let go and
®,qo be the distributions of (xg,z¢ + vo) and (¢, x4 + v),
respectively. Then

Wa(®iq0, ¢*) < e~ 2 Wa(go, ¢*)

where ¢* is the distribution of (z,x 4+ v) when (z,v) ~ p*

D Je 7K
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Elements of Proof 42/49

» Sandwich Inequality

1 * * >k
S Wa(pe.p") < Walar, ¢7) < 2Wa(pe, 7).
» Thus we also get convergence of ®;pg to p*

_t
Wa(®ipo, p*) < 4e™ 2 Wa(po, p*).

» Bound the Discretization. Let § < 1, Vpg

- 2
Wa(®spo, Bspo) < 624/ %

where £x = 26(:< + D?) is an upper bound of the kinetic
energy

EPtHUH2 <&k, Vte [075]
At £ X F
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Elements of Proof 43/49

» Triangle inequality

Wa(q", ¢%) = Wa(Psq', ¢%)

» Let = e~ %/2%. By induction

28
Wa(q™, q*) < n"Wa(q @, ¢") + (L +n+ ...+ 7" 1262/ =K

b
. 2 [2€
< Qn"WQ(p(O),p ) + ECSQ ?K

ANEIE T
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Elements of Proof 44/49

» Using the sandwich inequality again

Wa(pt™,p*) < 4" Wa(p®, p*) + ——?

» Note that

W3 (@, p*) = E(z.0)mp- (lzo — 2|* + [J0]1%)
< 2Ex~p*(:v)||x - x*HZ + 2”x0 - x*HQ + vap*(v)HUH2
2d d
< = 42D% 4 .
m L

» Choosing ¢ and n to bound the right hand side of (3)
completes the proof.

ez x Y
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Conclusion 45/49

» We have shown some theoretical results on the convergence
of MCMC algorithms.

» For the non-asymptotic analysis, similar results hold for
other distances (e.g., total variation distance, KL
divergence)

» These results have also been generalized to some
non-convex settings (Cheng et al., 2018)

» These non-asymptotic results show that diffusion MCMC is
a viable alternative to classic MCMC which requires little
input from the user and can be computationally more
efficient.

ez x Y
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